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■ Abstract 

We study the conformal metrics on R^™ with constant Q-curvature 
I Q £ R having finite volume, particularly in the case Q < 0. We show that 

when Q < such metrics exist in R^™ if and only if m > 1. Moreover 
we study their asymptotic behavior at infinity, in analogy with the case 
Q > 0, which we treated in a recent paper. When Q = 0, we show that 



CM 

■ such metrics have the form e'^''g^2m, where p is a polynomial such that 



2 < degp < 2m — 2 and supj,2m p < +oo. In dimension 4, such metrics 
are exactly the polynomials p of degree 2 with lim^^^^^^ p{x) = — oo. 

1 Introduction and statement of the main the- 
orems 

> 

Given a constant Q G K, we consider the solutions to the equation 

'NT 

o 



(-A)"?/ = ge^"" on R2™, (1) 



' satisfying 

§ : ^■■=T^i f e^^^^'^rf^ < (2) 

(3 , p I Jr^^ 

Geometrically, if u solves ((TJ and then the conformal metric g := e^"(7ffi2m 
has Q-curvature Q^™ = Q and volume alS"^"*!. For the definition of the Q- 
rN I curvature and related remarks, we refer to [Marl] , Notice that given a solution 

■ u to H]) and A > 0, the function v ■= u — ^ log A solves 

(-A)™w = AQe2™ inR^™^ 

hence what matters is just the sign of Q, and we can assume without loss of 
generality that Q e {0, ±(2m - 1)!}. 

Every solution to ([IJ is smooth. When Q = 0, that follows from standard el- 
liptic estimates; when Q the proof is a bit more subtle, see |Marl|, Corollary 
8]. 

For Q > 0, some explicit solutions to ([1]) are known. For instance every 
polynomial of degree at most 2m — 2 satisfies ([T]) with Q ~ 0, and the function 
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u{x) — log j-ip^jp- satisfies ([T]) with Q = (2m — 1)! and a = 1. This latter 
solution has the property that e^"g^2m — {■jT^^)*gs2,n, where tt : S*^™ R^™ is 
the stereographic projection. 

For the negative case, we notice that the function w{x) ~ log j^^^^p solves 
{-A)"'w = -(2m - l)!e2"'" on the unit baU Bi C M^™ (in dimension 2 this 
corresponds to the Poincare metric on the disk). However, no explicit entire 
solution to ([1]) with Q < is known, hence one can ask whether such solutions 
actually exist. In dimension 2 (m = 1) it is easy to see that the answer is 
negative, but quite surprisingly the situation is different in dimension 4 and 
higher and we have: 

Theorem 1 Fix Q < 0. For m — 1 there is no solution to For every 

m > 2, there exist (several) radially symmetric solutions to (Il])-([2|). 

Having now an existence result, we turn to the study of the asymptotic 
behavior at infinity of solutions to (I!])-© when m > 2, Q < 0, having in mind 
applications to concentration-compactness problems in conformal geometry. To 
this end, given a solution u to (IIJ-Q, we define the auxiliary function 

vix) -.^ -^^^^ f logf^)e-«(^)dy, (3) 
7m Je^™ \\x-y\J 

where 7,,,, := ti>2m2^™^^[(m — 1)!]^ is characterized by the following property: 
Then (-A)"i; = -(2m - l)!e2™«. We prove 

Theorem 2 Let u be a solution of (H])-© with Q = —(2m — 1)!. Then 

u{x) — v{x) +p{x), (4) 

where p is a non-constant polynomial of even degree at most 2m — 2. Moreover 
there exist a constant a ^ Q, an integer 1 < j < m — 1 and a closed set 
Z C S*^™^^ of Hausdorff dimension at most 2m — 2 such that for every compact 
subset K C S'^"'^^\Z we have 

lim A^i;(t^) = 0, ^ = 1, . . . , m - 1, 

t — »+oo 

v{t£) = 2a log t + o(log , as t —> -|-cx), 
lim A^u(tO = a, (5) 

t — * + CxD 

for every ^ £ K uniformly in ^. If m ^ 2, then Z ~ % and supjj2m u < +00. 
Finally 

liminf Rg^{x) — —00, (6) 

\x\ — *+oo 

where Rg^ is the scalar curvature of g^ ■— e^"(/K2m. 

Following the proof of Theorem [l] it can be shown that the estimate on the 
degree of the polynomial is sharp. Recently J. Wei and D. Ye |WY| showed the 
existence of solutions to A^?i = Ge"'" in R"* with J^^ e'^^dx < +00 which are not 
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radially symmetric. It is plausible that also in the negative case non-radially 
symmetric solutions exist. 

For the case Q = we have 

Theorem 3 When Q = 0, any solution to is a polynomial p with 2 < 

degp < 2m — 2 and with 

supp < +00. 

In particular in dimension 2 ( case m = 1), there are no solutions. In dimension 
4 the solutions are exactly the polynomials of degree 2 with lmi\.j.\^^p{x) = — oo. 
Finally, there exist 1 < J < m — 1 and a < such that 

lim A^p{x) = a. (7) 

The case when Q > 0, say Q = (2m — 1)!, has been exhaustively treated. 
The problem 

(-A)™u = (2m - l)!e2"" on R^'", / e^"'''dx < +oo (8) 

admits standard solutions, i.e. solutions of the form u{x) :— log jqij^p^j^ , 
X > 0, xq ^ R^'" that arise from the stereographic projection and the action 
of the Mobius group of conformal diffeomorphisms on S'^"\ In dimension 2 W. 
Chen and C. Li ICLj showed that every solution to ^ is standard. Already in 
dimension 4, however, as shown by A. Chang and W. Chen [CC| . ^ admits 
non-standard solutions. In dimension 4 C-S. Lin |Lin] classified all solutions u 
to ((HI and gave precise conditions in order for it to be a standard solution in 
terms of its asymptotic behavior at infinity. 

In arbitrary even dimension, A. Chang and P. Yang [CYJ proved that solu- 
tions of the form 

2 

"(^) ^ 1 , I 12 + ?(^"^(^)) 

1 + \x\^ 

are standard, where tt : 5^™ R^™ is the stereographic projection and ^ is a 
smooth function on 5^™. J. Wei and X. Xu |WXj showed that any solution u 
to ([S]) is standard under the weaker assumption that u{x) = o{\x\'^) as |a;| — > oo, 
see also jXu| . We recently treated the general case, see [Marlj . generalizing 
the work of C-S. Lin. In particular we proved a decomposition u = p + v a,s 
in Theorem [2] and gave various analytic and geometric conditions which are 
equivalent to u being standard. 

The classification of the solutions to (|H]) has been applied in concentration- 
compactness problems, see e.g. [LS], [R5], [Mai] , pv^ . [PR] , [StTT] , [St72] . 
[Ndi] . There is an interesting geometric consequence of Theorems [5] and O with 
applications in concentration-compactness: In the case of a closed manifold, 
metrics of equibounded volumes and prescribed Q-curvatures of possibly varying 
sign cannot concentrate at points of negative or zero Q-curvature. For instance 
we shall prove in a forthcoming paper [Mar2j 

Theorem 4 Let {M,g) be a 2m -dimensional closed Riemannian manifold with 
Paneitz operator P^™ satisfying k.ei P^"^ — {const}, and let Uk '■ M M. be a 
sequence of solutions of 

if + Q^" = Qfce2""^ (9) 
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where Q^™ is the Q-curvature of g (see e.g. Whaf ). and where the Qk's are 
given continuous functions with Qq in . Assume also that there is a 

A > such that 

[ e^^^Mvolg < A, (10) 

for all k. Then one of the following is true. 

(i) For every < a < 1, a subsequence is converging in C'^"^~^'"{M). 

(ii) There exists a finite set S = {x^*' :!<«</} such that — oo in 

L'^^{M\S). Moreover 

f Qgdvolg^I{2m-iy.\S^"-\, (11) 

and 

I 

Qfce^mu.^^^j^ ^^(2to-1)!|52'"|5^(.,, (12) 

i=l 

in the sense of measures. Finally Qoix^'^) > for I < i < I. 

In sharp contrast with Theorem HI on an open domain il C M'^"' (or a 
manifold with boundary), m > 1, concentration is possible at points of negative 
or zero curvature. Indeed, take any solution u of with Q < 0, whose 

existence is given by Theorem [1] and consider the sequence 

Uk{x) :— u{k{x ~ xq)) + log k, for x £ f2 

for some fixed xq G fl. Then (— A)"'ufe = Qe^™"'' and Uk concentrates at xq 
in the sense that as fc — > oo we have Uk{xo) +oo, — > — oo a.e. in Q and 
g2m«fc^^ ^ ct\S-^"^\5xo in the sense of measures. 

The 2 dimensional case (m = 1) is different and concentration at points of 
non-positive curvature can be ruled out on open domains too, because otherwise 
a standard blowing-up procedure would yield a solution to ((I])-© with Q < 0, 
contradicting with Theorem [T] 

An immediate consequence of Theorem H] and the Gauss-Bonnet-Chern for- 
mula, is the following compactness result (see }Mar2| ): 

Corollary 5 In the hypothesis of Theorem j^] assume that either 

1. x{M) < and dimM G {2,4}, or 

2. x(-^^) ^ 0; dim A/ > 6 and {M,g) is locally conformally flat, 

where x{^'^) '■s I'he Euler-Poincare characteristic of M . Then only case (i) in 
Theorem occurs. 

The paper is organized as follows. The proof of Theorems [H [2] and [3] is 
given in the following three sections; in the last section we collect some open 
questions. In the following, the letter C denotes a generic constant, which may 
change from line to line and even within the same line. 
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2 Proof of Theorem [T] 

Theorem [T] follows from Propositions [5] and [5] below. 

Proposition 6 For m = 1, Q < there are no solutions to ([l])-©- 

Proof. Assume that such a solution u exists. Then, by the maximum principle, 
and Jensen's inequality. 



Integrating in R on [1, +oo), we get 



JdBn. 



I 



e'^^'dx = +00, 



/M2 

contradiction. □ 

Lemma 7 Let u(r) be a smooth radial function on M", n > 1. Then there are 
positive constants bm depending only on n such that 

A'"u(0) = 6,„w(2")(0), (13) 

M^^™^ In particular A™u(0) has the sign o/u(2™)(0). 

For a proof see [Marl] . 

Proposition 8 For m > 2, Q < there exist radial solutions to ([I])-©- 

Proof. We consider separately the cases when m is even and when m is odd. 
Case 1: m even. Let u = u{r) be the unique solution of the following ODE: 

A'"u(r) = -(2m - i)!e2™«('-) 
y(2i+i)(Q)^Q 0<j<m-l 

(0) < < J < m - 1, 

where ao = and ai < 0. We claim that the solution exists for all r > 0. To 
see that, we shall use barriers, compare [CC| Theorem 2]. Let us define 

w+(r)^—r, g+:=w+-u. 

Then A™g+ > 0. By the divergence theorem, 

g^dx = / — —da. 

Br ' JdBa d,r 

Moreover, from Lemma [71 we infer 

A-'5+(0)>0 forO<j<TO-l, 

hence we see inductively that A^(7+(r) > for every r such that g+{r) is defined 
and for < < m — 1. In particular 5+ > as long as it exists. 
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Let us now define 



m — 1 



W. 



U — W- 



where the /Jj's and A will be chosen later. Notice that 



-{2m-l)\A 



+00, 



A'"«;_(r) = A™ -A log- 

1 + 



2m 



Since ai < 0, 



lim 



2m 



and taking into account that u < we can choose A large enough, so that 

2m 



A'^g.ir) = (2m -1)! 

> (2m -1)! 



A 



A 



1 + 



1 + 



g2mu(r) 



2m 



> 0. 



We now choose each (3i so that 

A^5(_(0)>0, 0<j<m-l, 
and proceed by induction as above to prove that Q- > 0. Hence 

'W-{r) < u{r) < w+(r) 

as long as u exists, and by standard ODE theory, that implies that u{r) exists 
for all r > 0. Finally 

f e2mu(|x|)^^< f e'^^il^I'dx < +00. 
Case 2: m>3 odd. Let u = u{r) solve 



A™u(r) = (2m - l)!e2'"«('-) 

u(2j+i)(o)=0 0<j<m-l 

< i < m - 1, 



u(2i)(0) = a^- < 



where the a^'s have to be chosen. Set 



W-^-{r) := (3 — r^ — log 



1 + r2' 

2 



5+ := - 



where /? < is such that e '^^ < (jqi^) , hence 
2 l + r^ 



l + r2 



-e-'^ +^ > for all r > 0. 



Then, as long as 5+ > 0, we have 

A".9+(r) = (2TO-1)! 

> (2m -1)! 













[(r 





2m 

2mu{r) 



— e 
2m 



^2m'w^ (r) 



> 



Choose now the a^'s so that, w(2i)(o) 

< (0), for < i < m — 1. From 

Lemma [3 we infer that 

A'g+(0)>0, 0<i<m-l, 

and we see by induction that 5+ > as long as it is defined. As lower barrier, 
define 

m— 1 

w_(r) = Pir^^, 9- '■= u — w_, 

1=0 

where the /3i's are chosen so that A'(7_(0) > 0. Then, observing that 

A™5_(r) = (2m - l)!e2'"«W > 0, 

as long as u is defined, we conclude as before that > as long as it is defined. 
Then u is defined for all times. 

Let i? > be such that, for every r > R, ?i'+(r) < — Then 

□ 



3 Proof of Theorem [2] 

The proof of Theorem [2] is divided in several lemmas. The following Liouville- 
type theorem will prove very useful. 

Theorem 9 Consider h : R" — > R with A'"ft, — and h < u — v, where 
gP« ^ L^(R") /or some p > 0, (-«)+ G L^(M"). Then h is a polynomial of 
degree at most 2m — 2. 

Proof. As in [MarH Theorem 5], for any x € R^'" we have 
iD^'^-'hix)] < j \h{y)\dy 

Br(x) 

= f l<y)dy+J^ j hUy (14) 

Bnix) Br{x) 

and 



j h{y)dy^O{R^'^-'^), asR 



Br(x 
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Then 

C 



j- h+dy < j- u+dy + C j- {-v)+dy<^ j- eP^^dy- 



Br{x) Br(x) Br{x) Br(x) 

and both terms in (fH)) divided by i?^™"^ go to as i? — > oo. □ 

Lemma 10 Let u he a solution of ([I])-©. Then, for \x\ > 4 

w(a;) < 2alog|x| +C. (15) 
Proof. As in [Marli Lemma 9], changing v with — w. □ 

Lemma 11 For any e > 0, there is R > such that for \x\ > R, 

v{x) > (2a - I) log \x\ + " f loglx-yle^^^^^^dy. (16) 
^2/ 7™ Jbi{x) 

Moreover 

{-v)+ e L1(R2™). (17) 



Proof. To prove (fT6|) we follow [Lin , Lemma 2.4. Choose Rq > such that 
and decompose 

m2m 



I^'"|7b«„ - 16' 



Ai := {yeM2":2|x-2/| < >i?o}, 
^2 := {y gM^™ : 2|x-2/| > |a:|,|y| >i?o}. 



Next choose R > 2 such that for |x| > R and |y| < i?o, we have log > 
log \ x\ — e. Then, observin 

(2rn-l)! f \x - y\ 



log \ x\ — e. Then, observing that (2™ — I = 2, we have for |a;| > R 



I log^e--(^)dy > (logN-^)^^^^/ e^-dy 

> (2a - I) log |x| - Ce. (18) 



Observing that log|a; — y\ > for ?/ ^ -Si (a;), log|y| < log(2|x|) for y e Ai, 
J^^ e'^'^'^dy < and log(2|x|) < 21og|a;| for \x\ > R, we infer 

logl^i^e2™"(«)rfy / log|x-y|e2'"«(?')dy- / log lyje^^^^'^dy 

\y\ Jai Jai 



> / log|a;-?;|e2""(2')dy-log(2|a;|) / e2"™dy 

JBi{x) Jai 
r _ I C'2m I 

> / log I a; - 7/ 1 e^"'"^)^?/- log I a; I ' ' . (19) 
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Finally, tor y & A2, \x\ > R we have that ^|^| > j, hence 

/ log^-^e2'""(2')dj/ > -log(4) / e^"'"dy>-Ce. (20) 

Putting together (fTS]) . (fTQ]) and ((20|) . and possibly taking i? even larger, we 
obtain From and Fubini's theorem 

/ {~v)+dx < C f I X|.-,|<llog^^e^""(^)d^/dx 
Jm?"^\Br Jr^™ Jr2"« F - y\ 

^ C I e2""(2') / log-JL_^dxdy 
< C / e^"'"^y'>dy < 00. 
Since u G C°°(E2™), we conclude that JgJ-v)+dx < 00 and (d?]) follows. □ 

Lemma 12 Lef u be a solution of with m > 2. Then u = v +p, where 

p is a polynomial of degree at most 2m — 2. 

Proof Let p:^u~v. Then A"p = 0. Apply ^ and Theorem [H □ 

Lemma 13 Let p be the polynomial of Lemma \12i Then if m = 2, there exists 
(5 > such that 

p{x) <-5\x\'^ + C. (21) 

In particular \m\\x\^aDP{x) = —00 anddegp — 2. Form > 3 there is a (possibly 
empty) closed set Z C S*^™^^ of Hausdorff dimension dim^(Z) < 2m — 2 such 
that for every K C closed, there exists 5 = 5(K) > such that 

p(x) < -S\x\^ +C for-^eK. (22) 

m 

Consequently degp is even. 

Proof. From ^T7\ . we infer that there is a set ^0 of finite measure such that 

v{x) > -C in R2™\Ao. (23) 

Case m = 2. Up to a rotation, we can write 

4 

p{x) = ^(foiX^ + CiXi) + 6o- 
1=1 

Assume that bi^ > for some 1 < io < 4. Then on the set 

Ai := {x e M.'^ : \xi\ < 1 for i ^ io, Ci„Xig > 0} 
we have p{x) > — C. Moreover = +00. Then, from (j23p we infer 

/ e4"dx > / e^f^+P^dx > C|Ai\ylo| = +00, (24) 

Jr* Jai\Ao 
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contradicting Therefore bi < for every i and (PT|) follows at once. 
Case TO > 3. From ^ and ([^5]) we infer that p cannot be constant. Write 

d 

where for each < z < rf, is a homogeneous polynomial of degree z or = 0. 
With a computation similar to ((24|) . ^ and ([23|) imply that ad{£,) < for each 
^ e S"^™"^. Moreover d is even, otherwise ad{£,) = — arf(— ^ for every 
^ G S'^™~\ which would imply = 0. Set 

Z = C : arf(0 = 0}. 

We claim that dim^(Z) < 2m — 2. To see that, set 

V -.^ {xe M^™ : adix) = 0} = {t^ : t>0, Z}. 

Since F is a cone and Z — V (1 S*^™^^, we only need to show that dim^(y) < 
2to - 1. Set 

V, {x e M^m . ^ ^ ^ ^ ^ V'adix) = 0, V^+ia<j(a;) ^ 0}. 

Noticing that Vi ^ 9 for i > d (otherwise a^j = 0), we find V = ufrgV^. By the 
implicit function theorem, dim'^(Vi) < 2to — 1 for every i > and the claim is 
proved. 

Finally, for every compact set K C S'^"^^^\Z, there is a constant 5 > such 
that ad(^) < -|, and since d>2, ^ follows. □ 

Corollary 14 Any solution u of (II])-© with m = 2, Q < is bounded from 
above. 

Proof. Indeed u — v + p and, for some 6 > 0, 

vix) <2a\og\x\+C, p{x) < -5\x\^ + C. 

□ 

Lemma 15 Let v : M^'" M. be defined as in ^ and Z as in Lemma [jgl 
Then for every K C S'^"^^^\Z compact we have 

lim A'""^w(t^) =0, j = 1, . . . , m - 1 (25) 

t — ^+oo 

for every £ K uniformly in ^; for every £ > there is R ^ R{e, K) > such 
that, fort> R, ^€ K, 

u(tO > (2a-£)logi (26) 

Proof. Fix K e 5'2'"-i\Z compact and set Ck ■= {t£, : t > ^ K}. For any 
> 0, 1 < j < 2m - 1, 



/ 



g2m«(y) 



dy ^ as I a; I ^ (X) (27) 
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by dominated convergence. Choose a compact set K C S"^™ such that 
K C int(X) C 5^™-!. Since u < C{k) on by Lemma [TU] and Lemma [HI 
we can choose a = iT(e) > so small that 

/• 2mu ~ f 1 ~ 

/ 1 i^dy < C{K) / -dy < C{K)e, for x £ C^, |xl large, 

where |a;| is so large that Ba{x) C C^. Therefore 

r „2mu 

(_l)J+iAJv(x) = C I —dy 0, for x G Ck, as |a;| ^ oo, 

We have seen in Lemma [Til that for any e > there is i? > such that for 

|a;| > R 

v{x) > (2a - log \x\ + i^ai^ f log - y\e'"^^^y^dy, (28) 

and (|26p follows easily by choosing K as above and observing that u < C{K) 
on C^, hence on Bi{x) for x G C/^ with |x| large enough. □ 

Proof of Theorem]^ The decomposition u ~ v+p and the properties of v and p 
follow at once from Lemmas [TOl [El [13] and [151 ® follow as in [Mar 11 Theorem 
2]. As for (O, let j be the largest integer such that A-^p ^ 0. Then A-'+V = 
and from Theorem[H]we infer that degp = 2j, hence A-'p = a 7^ 0. □ 



4 The case Q = 

Proof of Theorem\^ From Theorem[9l with = 0, we have that u is a polynomial 
of degree at most 2m — 2. Then, as in [Marl) Lemma 11], we have 

sup U < +0O, 

and, since u cannot be constant, we infer that degw > 2 is even. The proof of 
([7]) is analogous to the case Q < 0, as long as we do not care about the sign 
of a. To show that a < 0, one proceeds as in [Maxl, Theorem 2]. For the case 
m = 2 one proceeds as in Lemma [T^ setting v = and Aq — □ 

Example. One might believe that every polynomial p on M^'" of degree at most 
2m — 2 with J^2„i e^^^dx < oo satisfies \im^^^^^p{x) = — cx), as in the case 
m = 2. Consider on R^™, m > 3 the polynomial u{x) = —(1 + where 
X — {x2, . . . , X2m)- Then A™u = and 

= I 'IW^ -I e~^-^yl'dy <+oo. 
On the other hand, limsup[^|^j^ u{x) — 0. 
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5 Open questions 

Open Question 1 Does the claim of Corollary [7^ hold for m > 2? In other 
words, is any solution u to with Q <0 bounded from above? 

This is an important regularity issue, in particular with regard to the be- 
havior at infinity of the function v defined in ([3]). If sup][j2m u < +oo, then one 
can take Z = in Theorem O as in the case Q > 0, see |MarH Theorem 1]. 

Definition 16 LetV^"^ be the set of polynomials p of degree at most 2m — 2 on 
R2™ such that e^^P e ^^(M^™). Let VX"' be the set of polynomials p of degree 
at most 2m — 2 on R^™ such that there exists a solution u ^ v + p to ([T])-© 
with Q > 0. Similarly for Vl"'' with Q <0. 

Related to the first question is the following 

Open Question 2 What are the sets V^'"- , V"^? Is it true that Vl"^ C P^™ 
and c Pi™ ? 

J. Wei and D. Ye [WY] proved that C VX (and actually more). Consider 
now on M^™, m > 3, the polynomial 

p{x) = -(1 + a;i)|xp, X = {X2, ■ ■ .,X2m)- 

As seen above, e^^P G ^^(R^™), hence p G "P^m Assume that p G Pi™ as well, 
i.e. there is a function u — v + p satisfying and Q < 0. Then we claim 

that supj{2m u — oo. Assume by contradiction that u is bounded from above. 
Then ^ and US]) imply that 

v{x) — 2a log |x| + o(log |a;|), as |a;| oo. 

Therefore, 

lim w(a;i, 0, . . . , 0) = lim 2Q!logxi = oo, 

xi — >oc xi — >oc 

contradiction. 

Open Question 3 Even in the case that u is not bounded from above, is it 
true that one can take Z — 9 in Theorem\^for to > 3 also? 

For instance, in order to show that v{x) — 2a log |x| + o(log |a;|) as |a;| +oo, 
thanks to (fT6|) . it is enough to show that 

/ log |a; - 2/|e^™"'^^^(i2/ o(log as ^ +cxd, 

JB^(x) 

which is true if supjj2m u < oo, but it might also be true if supjj2m u — oo. 

Open Question 4 What values can the a given by ([I])-© assume for a fixed 
Q? 

As usual, it is enough to consider Q G {0,±(2m — 1)!}. When m = 1, Q = 1, 
then a = 1, see jCLj . When to = 2, Q = 6, then a can take any value in (0, 1], 
as shown in [CC| . Moreover a cannot be greater than 1 and the case a — 1 
corresponds to standard solutions, as proved in [Lin] . For the trivial case Q = 0, 
a can take any positive value, and for the other cases we have no answer. 
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